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A CONSTRUCTION OF BENT FUNCTIONS ON A FINITE
GROUP
MANI SHANKAR PANDEY1, SUMIT KUMAR UPADHYAY2 AND VIPUL KAKKAR3
Abstract. In this paper, we discuss when a class function on a finite group
is a bent function. We have found a necessary condition for a class function
on a finite abelian group to be bent. Also, we have found a necessary and
sufficient condition for a class function on a finite cyclic group to be bent.
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1. Introduction
Bent functions was introduced by O. Rothuaus in [3]. Bent functions are
maximum distant from the affine functions. Bent functions have many applica-
tions in various fields, viz. cryptography and coding theory and combinatorial
design. The maximum-length sequences based on bent functions have applica-
tions in a code division multiple access (CDMA) environment. T. Wada in [5],
studied the relation between bent functions and codes for CDMA. The concept
of bent functions on a finite abelian group was introduced by , O. A. Logachev
et. al in [1]. V. I. Solodovnikov in [4], generalized the concept of bent functions
from an abelian group to another abelian group. L. Poinsot in [2], introduced
the concept of a bent function on a finite nonabelian group as a generalization
of those of a finite abelian group. The following are basic definition and result
from [2].
Definition 1.1. Let G be a finite group and f : G −→ C. The derivative of f
in the direction σ ∈ G is defined as df
dσ
: G −→ C, x −→ f(x)f(σx).
Theorem 1.2. Let G be a finite group and f : G → S1. The map f is bent if
and only if
∑
x∈G
df
dσ
(x)=0, ∀σ ∈ G∗ = G \ {e}.
2. Main Results
Let G be a finite group of order n. A class function is a function on a group
G that is constant on the conjugacy classes of G. Let χ1, χ2, ....χr, where
1 ≤ r ≤ n be the all irreducible distinct characters of G. Since χ1, χ2, ....χr
form an orthonormal basis of the set of all class functions on G, every class
functions from G → S1 can be written as linear combination of χ1, χ2, ....χr.
In this paper we are interested when a class function from G → S1 is a bent
function, where S1 = {z ∈ C | |z| = 1}.
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Theorem 2.1. Let G be a finite abelian group of order n and χ1, χ2, ....χn be
its distinct one dimensional characters. If a class function f : G→ S1 written
as f = a1χ1 + a2χ2 + ... + anχn is bent, then |ai|
2 = 1
n
, ∀i = 1, 2....n, where ai
are complex numbers.
Proof. Since f is bent, by Theorem 1.2
∑
x∈G
df
dσ
(x)=0 ∀σ ∈ G∗ = G \ {e}.
Now
∑
x∈G
df
dσ
(x) =
∑
x∈G
f(x)f(σx)
=
∑
x∈G
(a1χ1(x) + a2χ2(x) + .....anχn(x))((a1χ1(σx) + a2χ2(σx) + .....anχn(σx))
=
∑
x∈G
[|a1|
2χ1(x)χ1(xσ)+ · · ·+ |an|
2χn(x)χn(xσ)]+
∑
x∈G
[a1a2χ1(x)χ2(σx)+ · · ·+
a1anχ1(x)χn(σx)]+· · ·+
∑
x∈G
[ana1χn(x)χ1(σx)+· · ·+anan−1χn(x)χn−1(σx)] = 0
∀σ ∈ G∗.
Since χi are a group homomorphism, by using orthogonality relations in
above equation we have
(2.1)
n∑
i=1
|ai|
2χi(σ) = 0, ∀σ ∈ G
∗
Also since f is defined fromG to S1, |f(x)|2 = 1 ∀x ∈ G. Therefore
∑
x∈G
f(x)f(x) =
|G|. This implies that∑
x∈G
(a1χ1(x) + a2χ2(x) + ...anχn(x))(a1χ1(x) + a2χ2(x) + ...anχn(x)) = |G|
Therefore again by using orthogonality relations we have∑n
i=1 |ai|
2 = 1
Since χi(e) = 1 ∀i = 1, · · · , n, we can write above equation as
(2.2)
n∑
i=1
|ai|
2χi(e) = 1,where e is the identity of G.
Let G = {e, g2, · · · , gn}. Then we have a non-homogeneous system of linear
equations Φw = y, where
(2.3)


χ1(e) χ2(e) . . . χn(e)
χ1(g2) χ2(g2) . . . χn(g2)
...
...
...
...
χ1(gn) χ2(gn) . . . χn(gn)


︸ ︷︷ ︸
Φ


|a1|
2
|a2|
2
...
|an|
2


︸ ︷︷ ︸
w
=


1
0
...
0


︸︷︷︸
y
2
Since columns of the matrix Φ are orthogonal to each other(by orthogonality
relations), the matrix Φ is non-singular with inverse 1
n
Φ¯T , where T denotes
transpose. This implies that the above system of equations has a unique solu-
tion.
Therefore
w = Φ−1y
⇒


|a1|
2
|a2|
2
...
|an|
2


︸ ︷︷ ︸
w
=
1
n
Φ¯T


1
0
...
0


︸︷︷︸
y
Thus, we have |ai|
2 = 1
n
∀i = 1, · · · , n. 
It gives only the necessary condition for a class function to be bent, this
condition is not sufficient. As if we consider the cyclic group Z2 = {0, 1} of
order 2 then its characters χ1 and χ2 are defied as
χ1(0) = 1 and χ1(1) = 1
χ2(0) = 1 and χ2(1) = −1
Therefore it can be easily seen that if we take ai=
1√
2
∀i = 1, 2 and f=a1χ1+a2χ2
in this case our function is not defined from G to S1, bent is so far away.
Let G = Zn be a cyclic group of order n and ω be the n-th roots of unity.
Then G has n irreducible characters χ1, χ2, ....χn defined by χi(g) = ω
i−1, for
all 1 ≤ i ≤ n, where ω = e2pii/n. Below, we obtain a necessary and sufficient
condition for a class function on a finite cyclic group to be bent function.
Proposition 2.2. A class function f = a1χ1 + a2χ2 + a3χ3 on Z3 is bent if
and only if |a1| = |a2| = |a3| =
1√
3
and a1a2 + a2a3 + a3a1 = 0, where χ1, χ2
and χ3 are irreducible characters of Z3.
Proof. The character table of Z3 is
0¯ 1¯ 2¯
χ1 1 1 1
χ2 1 ω ω
2
χ3 1 ω
2 ω
Therefore, we have f(0¯) = a1 + a2 + a3, f(1¯) = a1 + a2ω + a3ω
2 and f(2¯) =
a1 + a2ω
2 + a3ω.
Note that f(0¯) ∈ S1 ⇔ f(0¯)f(0¯) = 1
⇔ (a1 + a2 + a3)(a1 + a2 + a3) = 1
⇔ |a1|
2 + |a2|
2 + |a3|
2 + a1a2 + a2a3 + a3a1 + a1a2 + a2a3 + a3a1 = 1
Similarly, f(1¯) ∈ S1 ⇔ f(1¯)f(1¯) = 1
⇔ |a1|
2+ |a2|
2+ |a3|
2+ω(a1a2+a2a3+a3a1)+ω
2(a1a2+a2a3+a3a1) = 1
and f(2¯) ∈ S1
3
⇔ |a1|
2 + |a2|
2 + |a3|
2 + ω(a1a2 + a2a3 + a3a1) + ω
2(a1a2 + a2a3 + a3a1) = 1
Now, suppose that f is bent. Then by Theorem 2.1, we have |a1| = |a2| =
|a3| =
1√
3
. By above conditions, we have the following
(2.4) a1a2 + a2a3 + a3a1 + a1a2 + a2a3 + a3a1 = 0
(2.5) ω(a1a2 + a2a3 + a3a1) + ω
2(a1a2 + a2a3 + a3a1) = 0
(2.6) ω(a1a2 + a2a3 + a3a1) + ω
2(a1a2 + a2a3 + a3a1) = 0
On solving Equations 2.4, 2.5 and 2.6, we have a1a2 + a2a3 + a3a1 = a1a2 +
a2a3 + a3a1 = 0
Conversely, suppose |a1| = |a2| = |a2| =
1√
3
and a1a2 + a2a3 + a3a1 = 0.
Thus by above conditions, it is clear that f(x) ∈ S1 for all x ∈ Z3.
Using orthogonality relations, we have
∑
x∈Z3
df
dσ
(x) = |a1|
2χ1(σ) + |a2|
2χ2(σ) + +|a3|
2χ3(σ) =
1
3
(1 + ω + ω2) = 0
for σ ∈ Z3 \ {0¯}. Thus f is bent. 
Proposition 2.3. A class function f = a1χ1+a2χ2+a3χ3+a4χ4 on Z4 is bent
if and only if |a1| = |a2| = |a3| = |a4| =
1√
4
and a1a2 + a2a3 + a3a4 + a4a1 =
0 & a1a3 + a3a1 + a2a4 + a4a2 = 0, where χ1, χ2, χ3 and χ4 are irreducible
characters of Z4.
Proof. The character table of Z4 is
0¯ 1¯ 2¯ 3¯
χ1 1 1 1 1
χ2 1 i −1 −i
χ3 1 −1 1 −1
χ4 1 −i −1 i
Therefore, we have f(0¯) = a1 + a2 + a3 + a4, f(1¯) = (a1 − a3) + i(a2 − a4)
and f(2¯) = (a1 − a2) + (a3 − a4) and f(3¯) = (a1 − a3)− i(a2 − a4).
Note that f(0¯) ∈ S1 ⇔ |a1|
2 + |a2|
2 + |a3|
2 + |a4|
2 + a3a1 + a3a1 + a4a2 +
a4a2 + a1a2 + a2a3 + a1a2 + a2a3 + a1a4 + a3a4 + a1a4 + a3a4 = 1,
f(1¯) ∈ S1 ⇔ |a1|
2+ |a2|
2+ |a3|
2+ |a4|
2− a3a1− a3a1− a4a2− a4a2+ i(a1a2+
a2a3 + a3a4 + a1a4 − a1a2 − a2a3 − a1a4 − a3a4) = 1,
f(2¯) ∈ S1 ⇔ |a1|
2 + |a2|
2 + |a3|
2 + |a4|
2 + a3a1 + a3a1 + a4a2 + a4a2 − a1a2 −
a2a3 − a1a2 − a2a3 − a1a4 − a3a4 − a1a4 − a3a4 = 1,
and f(3¯) ∈ S1 ⇔ |a1|
2 + |a2|
2 + |a3|
2 + |a4|
2 − a3a1 − a3a1 − a4a2 − a4a2 −
i(a1a2 + a2a3 + a3a4 + a1a4 − a1a2 − a2a3 − a1a4 − a3a4) = 1.
4
Now, suppose that f is bent. Then by Theorem 2.1, we have |a1| = |a2| =
|a3| = |a4| =
1√
4
. By above conditions, we have the following.
(2.7)
a3a1+a3a1+a4a2+a4a2+a1a2+a2a3+a1a2+a2a3+a1a4+a3a4+a1a4+a3a4 = 0
(2.8)
−a3a1−a3a1−a4a2−a4a2+i(a1a2+a2a3+a3a4+a1a4−a1a2−a2a3−a1a4−a3a4) = 0
(2.9)
a3a1+a3a1+a4a2+a4a2−a1a2−a2a3−a1a2−a2a3−a1a4−a3a4−a1a4−a3a4 = 0
(2.10)
−a3a1−a3a1−a4a2−a4a2−i(a1a2+a2a3+a3a4+a1a4−a1a2−a2a3−a1a4−a3a4) = 0.
Adding Equations 2.7 and 2.9, we get
(2.11) a1a3 + a3a1 + a2a4 + a4a2 = 0
By Equations 2.8 and 2.11 or 2.10 and 2.11, we have
(2.12) ⇒ a1a2 + a2a3 + a3a4 + a1a4 = a1a2 + a2a3 + a1a4 + a3a4.
By Equations 2.7, 2.11 and 2.12, we have
a1a2 + a2a3 + a3a4 + a4a1 = 0.
Conversely, suppose |a1| = |a2| = |a3| = |a4| =
1√
4
and a1a2 + a2a3 + a3a4 +
a4a1 = 0 & a1a3+a3a1+a2a4+a4a2 = 0. Thus by above conditions, f(x) ∈ S
1
for all x ∈ Z4.
Using orthogonality relations, we have
∑
x∈Z4
df
dσ
(x) = |a1|
2χ1(σ) + |a2|
2χ2(σ) + |a3|
2χ3(σ) + |a4|
2χ4(σ)
= 1
4
(χ1(σ) + χ2(σ) + χ3(σ) + χ4(σ)) = 0 for σ ∈ Z4 \ {0¯}. Thus f is bent. 
The character table of cyclic group Zn of order n is
0¯ 1¯ · · · n¯
χ1 1 1 · · · 1
χ2 1 ω · · · ω
n−1
χ3 1 ω
2 · · · ω2(n−1)
...
...
...
...
...
χn 1 ω
n−1 · · · ω(n−1)(n−1)
where ω = e
2pii
n
We now state a necessary and sufficient condition for a class function on a
finite cyclic group to be bent. The proof of the theorem is on same line as
those in Propositions 2.2 and 2.3.
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Theorem 2.4. A class function f = a1χ1 + a2χ2 + · · ·+ anχn on Zn is bent if
and only if |a1| = |a2| = · · · = |an| =
1√
n
and
a1a2 + a2a3 + · · ·+ an−2an−1 + an−1an + ana1 = 0
a1a3 + a2a4 + · · ·+ an−2an + an−1a1 + ana2 = 0
...
a1a(n−1
2
)+1 + a2a(n−1
2
)+2 + · · ·+ a(n−1
2
)+1an + a(n−1
2
)+2a1 + · · ·+ ana(n−1
2
) = 0


if n is odd
and
a1a2 + a2a3 + · · ·+ an−2an−1 + an−1an + ana1 = 0
a1a3 + a2a4 + · · ·+ an−2an + an−1a1 + ana2 = 0
...
a1a(n
2
)+1 + a2a(n
2
)+2 + · · ·+ a(n
2
)+1an + a(n
2
)+2a1 + · · ·+ ana(n
2
) = 0


if n is even.
Remark. One can similarly prove that a class function f = a1χ1+a2χ2+a3χ3+
a4χ4 on Klein’s four group V4 is bent if and only if |a1| = |a2| = |a3| = |a4| =
1√
4
and a1a2+a3a4+a2a1+a4a3 = 0, a1a3+a2a4+a3a1+a4a2 = 0 & a1a3+a3a1+
a2a4 + a4a2 = 0, where χ1, χ2, χ3 and χ4 are irreducible characters of V4.
Now, we show there is no class function on the symmetric group S3 on three
symbols which is bent.
Proposition 2.5. There is no class function f : S3 → S
1 which is bent.
Proof. The character table of S3 is
I (12) (123)
χ1 1 1 1
χ2 1 −1 1
χ3 2 0 −1
Let f be a class function on S3 and f = a1χ1 + a2χ2 + a3χ3, where χi are
irreducible characters of S3 and ai are complex numbers for all i = 1, 2, 3.
Suppose f is bent. Then by Theorem 1.2
(2.13)
∑
x∈S3
df
dσ
(x) = 0
for all σ ∈ G∗.
Therefore, by Equation 2.13, we have∑
x∈G
∑3
i=1 |ai|
2χi(x)χi(σx)
+a1χ(x)(a2χ2(σx)+a3χ3(σx))+a2χ2(x)(a1χ1(σx)+a3χ(σx))+a3χ3(x)(a1χ(σx)+
a2χ2(σx)) = 0.
Since characters are class function therefore χi((12)) = χi((23)) = χi((13))
and χi((123)) = χi((132)) ∀ i = 1, 2, 3. Since from character table of S3 we
know that χ1(x) = 1 ∀ x ∈ G
χ2(I) = 1, χ2(12) = −1 and χ2(123) = 1,
6
, χ3(I) = 2, χ3((12)) = 0 and χ3((123)) = −1 Now if we solve Equation 2.13
for σ = (12) we have
(2.14)
(a1 + a2 + 2a3)(a1 − a2) + (a1 − a2)(a1 + a2 + 2a3) + 2(a1 − a2)(a1 + a2 − a3)+
2(a1 + a2 − a3)(a1 − a2) = 0
Similar equations will be obtained if we solve Equation 2.13 for σ = (23)
and σ = (13)
On simplifying above Equation 2.14
(2.15) |a1|
2 = |a2|
2
similarly if we solve 2.13 for σ = (123) or (132), we have
(2.16)
(a1 + a2 + 2a3)(a1 + a2 − a3) + (a1 + a2 − a3)(a1 + a2 + 2a3) + 3(a1 − a2)(a1 − a2)
+(a1 + a2 − a3)(a1 + a2 − a3) = 0
On simplifying above Equation 2.16, we have
(2.17) 2(|a1|
2 + |a2|
2) = |a3|
2
Similar equation will be obtained if we solve 2.13 for σ = (132).
Now, since |f(x)|2 = 1 ∀x ∈ G ⇒ f(x)f(x) = 1 ∀x ∈ G
∑
x∈G
(a1χ1(x) + a2χ(x) + a3χ(x))(a1χ1(x) + a2χ2(x) + a3χ3(x))
= order of G
using orthogonality relations we have
(2.18) |a1|
2 + |a2|
2 + |a3|
2 = 1
Now on solving Equations 2.16, 2.17 and 2.18, we have
(2.19) |a1|
2 = |a2|
2 =
1
6
, |a3|
2 =
2
3
Since |f((12))|2 = 1⇒ (a1 − a2)(a1− a2) = 1⇒ |a1|
2 + |a2|
2− (a1a2 + a2a1) =
1⇒ a1a2 + a2a1 =
−2
3
Now, we claim that that there is no a1, a2 ∈ C with |a1|
2 = |a2|
2 = 1
6
, a1a2 +
a2a1 =
−2
3
.
Suppose we have a1, a2 ∈ C with |a1|
2 = |a2|
2 = 1
6
, a1a2 + a2a1 =
−2
3
. Hence
〈(a1, a2), (a2, a1)〉 =
−2
3
⇒ |〈(a1, a2), (a2, a1)〉| =
2
3
.
By Cauchy-Schwartz Inequality, |〈(a1, a2), (a2, a1)〉| ≤ ||(a1, a2)||||(a2, a1)|| =√
|a1|2 + |a2|2
√
|a1|2 + |a2|2. Therefore we have
2
3
≤ 1
3
, which is not possible.
Thus the claim is proved.
Hence there is no class function f : S3 → S
1 which is bent. 
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Proposition 2.6. Necessary condition for a class function to be bent on the
quaternion group Q8 is |ai|
2 = |aj|
2 = 2
9
, ∀1 ≤ i, j ≤ 4 and |a5|
2 = 1
9
Proof. The character table of the group Q8 is
1 −1 i j k
χ1 1 1 1 1 1
χ2 1 1 1 −1 −1
χ3 1 1 −1 −1 1
χ4 1 1 −1 1 −1
χ5 2 −2 0 0 0
Let f : Q8 → S
1 be a class function such that f is bent. Then derivative of
f in the direction of σ is balanced for all σ ∈ Q∗8 i.e.
∑
x∈Q8
df
dσ
(x) = 0.....∀σ ∈ Q∗8
Since f is a class function, we have f = a1χ1 + a2χ2 + a3χ3 + a4χ4 + a5χ5
where ai are complex numbers and χi are irreducible characters of Q8 for all
1 ≤ i ≤ 5. We have
∑
x∈Q8
4∑
i=1
|ai|
2χi(σ) +
∑
x∈Q8
|a5|
2χ5(x)χ5(σx)+
a1a5(χ5(σ)+χ5(−σ)+χ5(iσ)+χ5(jσ)+χ5(kσ)+χ5(−iσ)+χ5(−jσ)+χ5(−kσ))
+a2a5(χ5(σ)+χ5(−σ)+χ5(iσ)−χ5(jσ)−χ5(kσ)+χ5(−iσ)−χ5(−jσ)−χ5(−kσ))
+a3a5(χ5(σ)+χ5(−σ)−χ5(iσ)−χ5(jσ)+χ5(kσ)−χ5(−iσ)−χ5(−jσ)+χ5(−kσ))
+a4a5(χ5(σ)+χ5(−σ)−χ5(iσ)+χ5(jσ)−χ5(kσ)−χ5(−iσ)+χ5(−jσ)−χ5(−kσ))
=0
Now solving above equation for σ = −1, i, j and k.
We have the following equations.
(2.20) |a1|
2 + |a2|
2 + |a3|
2 + |a4|
2 − 8|a5|
2 = 0, whenσ = −1
similarly if we put σ = i,−i, j,−j, k,−k we have
(2.21) |a1|
2 + |a2|
2 − |a3|
2 − |a4|
2 = 0
(2.22) |a1|
2 − |a2|
2 − |a3|
2 + |a4|
2 = 0
(2.23) |a1|
2 − |a2|
2 + |a3|
2 − |a4|
2 = 0
8
Also we know that |f(x)|2 = 1, for all x ∈ Q8. Solving this using orthogonality
relations we have
(2.24)
5∑
i=1
|ai|
2 = 1
Now on solving Equations 2.20 - 2.24, we have
|ai|
2 = |aj|
2 = 2
9
, ∀1 ≤ i, j ≤ 4 and
|a5|
2 = 1
9

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